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In a static magnetic field paramagnetic and nonmagnetic colloids immersed in a ferrofluid self-assemble into
fluctuating colloidal flowers. Adsorption and desorption of nonmagnetic petals to larger paramagnetic cores
and changes in the petal conformation around the paramagnetic core induce a fluctuating dynamics. We track
the motion of colloidal petals on the paramagnetic core. Adsorption and desorption of petals occur on a larger
time scale than the rotational diffusion of the petals. Magnetic dipole interactions split the motion of the petals
into different modes of rotational diffusion. Modes of rotational diffusion that change the petal conformation
are suppressed compared to the conformation invariant rotational diffusion of all petals. The suppression of
higher modes of rotational diffusion results in a subdiffusive dynamics of the individual petals.
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I. INTRODUCTION

Colloidal assemblies are mesoscopic systems in thermo-
dynamic equilibrium. Understanding the complex structures
of these assemblies, the soft interactions between the indi-
vidual particles, and the resultant dynamics in real space is of
current interest; because colloidal assemblies are being used
as models for atomic crystals �1� for glasses �2�, for van der
Waals crystals �3�, and as systems for the study of dynamic
self-assembly �4,5�. The softness of the interactions gives
rise to fluctuations around the equilibrium that allows ob-
serving directly the transport processes �6–8� which lead to
the dynamic self-assembly of the system. Diffusion is con-
sidered as one of these basic passive means for irreversible
transport into equilibrium. It arises from fluctuations of the
particle velocity due to stochastic forces. These forces act on
the diffusing particles due to collisions with other particles
from a reservoir at a certain temperature. In the presence of
stochastic and deterministic microscopic forces, macroscopic
diffusion can be expressed as the zeroth moment of the par-
ticle velocity autocorrelation and/or cross-correlation func-
tions �9�. Kubo �9� extended a generalized concept of diffu-
sion that allows defining and measuring the diffusion of
interacting particles. It has been shown by Erb et al. �5� that
paramagnetic and nonmagnetic colloidal particles immersed
in a ferrofluid can self-assemble into colloidal flowers in a
static magnetic field. The colloidal flowers result from the
effective dipolar attraction of the paramagnetic colloids in
which nonmagnetic particles behave as magnetic holes in the
ferrofluidic background. The dipole interaction is a tensorial
traceless interaction that depends on the angle between the
magnetic moments and the particle separation. For holes sit-
ting at the pole positions above or below the paramagnetic
bead the dipole interaction with the paramagnetic bead is
repulsive. In the equatorial plane on the other hand it is at-
tractive. The dipole interaction between two magnetic holes
on the other hand is repulsive in the plane normal to the
magnetic moments and attractive along the direction of the
magnetic moments. The planar structure of the colloidal

flowers is a result of the complex angular dependency of the
dipolar interactions.

Here, an attempt has been made to measure the normal
modes of diffusion, as well as the adsorption and desorption
kinetics of the petals in colloidal flowers using the concept
proposed by Kubo �9�. Kubo generalized the concept of dif-
fusions for situations where the particle kinetics is a super-
position of random motion and directed interactions that
force the particles into deterministic directions. The interac-
tions correlate the motion of the particles that would other-
wise show a degenerate individual diffusion. The correla-
tions split the individual diffusion into statistically
independent normal modes of diffusion. It is demonstrated
that the adsorption and desorption kinetics as well as the
mode dependence of the normal modes of petal diffusion can
be understood by the competition of dipolar forces with the
fluctuating forces from the viscous carrier fluid.

II. EXPERIMENT

We study the superparamagnetic Dynabeads M-270 car-
boxylic acid, 2.8 �m in diameter �Cat. No. 143.05 D� ob-
tained from Invitrogen Dynal �Oslo, Norway�, and Fluro-
Max red fluorescent polymer microsphere beads with
1.0 �m diameter �Cat. No. R0100� obtained from Duke
Scientific �Palo Alto, CA�. The particles from Dynal are
supplied in concentrations of approximately
2�109 beads ml−1 �10–30 mg ml−1� and from Fluro-Max
supplied with concentration of approximately 1% volume
fraction suspended in water and respective surfactant. Para-
magnetic particles are mixed with nonmagnetic particles and
diluted ferrofluid EMG 705 FerroTec Ferrosound �FerroTec
GmbH, Germany� with controlled proportions depending on
the experiment. Electric current of 0.43 A was supplied to the
water-cooled coils to produce a magnetic field of 10.0 mT,
machined at University of Bayreuth. The mixture of the
beads with ferrofluids was taken on a precleaned glass slide
with a cover slip to reduce the air drift. Static magnetic field
from the z direction was applied to the sample and was ob-
served under the LEICA DM4000B �Leica Microsystems
Wetzlar GmbH, Germany� fluorescence microscope through
63� polarization lens in reflecting mode. Videos were cap-*thomas.fischer@uni-bayreuth.de
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tured using a color charge-coupled device Basler camera
�Basler A311fc� high frame rate from Basler AG, Germany.

III. ADSORPTION AND DESORPTION

Nonmagnetic beads of radius a=0.5 �m in a diluted
aqueous ferrofluid �EMG 705 Ferrotec Ferrosound /water
=1:4� adsorb at and desorb from the paramagnetic beads of
radius R=1.4 �m. When they adsorb they form a colloidal
flower with one paramagnetic bead at the core of the flower
surrounded by several nonmagnetic beads forming the petals.
A typical colloidal flower is depicted in Fig. 1. The assembly
is a dynamic structure and the number of petals N�t� fluctu-
ates as a function of time because nonmagnetic beads adsorb
at and desorb from the paramagnetic core. If we assume a
Boltzmann distribution for the number of petals we may ex-
tract the potential energy of adsorption of N beads U�N� as

U�N� − U�Nref� = − kBT ln� t�N�
t�Nref�

� , �1�

where t�N� denotes the total time when one finds the colloi-
dal flower with N petals, Nref denotes a reference number of
petals, and T is the temperature. In Fig. 2 we plot the adsorp-

tion potential as a function of the number of petals obtained
via Eq. �1� by measuring N�t� over a time duration of 4000
video frames. The adsorption potential shows a pronounced
minimum near six petals. Assuming the potential to arise via
dipolar attraction of the nonmagnetic beads to the paramag-
netic core and due to dipolar repulsion between the equally
spaced nonmagnetic petals, we predict a potential of

U�N� =
4��0�F

2H2a3

9�R/a + 1�3 N�− � �p

�F
− 1�R3

a3

+
1

2 �
j=1

N−1
1

8 sin3�j�/N�	 . �2�

In Eq. �2� �0 denotes the vacuum permeability, �F and �p are
the effective susceptibilities of the ferrofluid and of the para-
magnetic particle, and H is the external magnetic field. The
potential has a minimum for an equilibrium number of par-
ticles given approximately by

Neq =
2�


3

�p

�F
− 1

R3/2

a3/2 . �3�

The dashed line in Fig. 2 shows a fit of the experimental data
�solid line� obtained from Eq. �1� to the theoretical prediction
in Eq. �2� using �P=0.082 and �F=0.063. Note that the the-
oretical fit exhibits a minimum around N=7 instead of the
value N=6 in the experiment.

The 2N-dimensional conformational space of the
petals is spanned by the positions �rj ,� j , j=1, . . . ,N� of the
petals. In an N-fold colloidal flower the equilibrium configu-
ration is determined by the conformation rj =R+a and
� j =2�j /N �j=1, . . . ,N�. A transition to a �N−1�-fold flower
happens when, for example, the Nth petal separates from the
flower �rN→�� and the remaining N−1 petals rearrange
their angular positions � j �j=1, . . . ,N−1�. We describe the
reaction pathway of such a conformational change by the
reaction coordinate �r. The position of the Nth petal is
rN=R+a+�rN, �N=0 and the other beads adapt the
positions rj =R+a, � j =���rN�+2��−���rN���j−1� / �N−2�.
The angle 2���rN� describes the angle between the first and
the �N−1�th petals that readjust �from �=2� /N to
�=� / �N−1��, while the Nth petal leaves the flower �see top
in Fig. 3�. We compute the reaction pathway such that the
remaining petals j=1, . . . ,N−1 adjust their positions to the
energy minimum of the dipolar energy of the N petal system
while the Nth petal is fixed at the position rN=R+a+�rN.
Usually no significant changes in energy are computed when
the separation �rN of the leaving petal has exceeded
�rN	4 �m. Hence, separations larger than 4 �m can
be considered as quasi-infinite separations. In Fig. 3 we
plot the dipolar energy versus the reaction coordinates
�rN �N=3, . . . ,11� for a cascade of transitions from an 11-
fold colloidal flower toward a flower with two petals. The
cascade from the 11-folded flower to the theoretical mini-
mum flower with seven petals is plotted on the left side. The
remaining cascade from the minimum sevenfold flower to-
ward a two-petal flower is plotted at the right. The reaction
coordinates alternate between the lower �even N� and upper

FIG. 1. �Color online� �a� Fluorescence microscope image of a
six-petaled colloidal flower and �b� scheme of a colloidal flower.
The paramagnetic core particle is nonfluorescent and hence not vis-
ible in the fluorescence image. The nonmagnetic fluorescence petal
particles are visualized as bright spots in the fluorescence micro-
scope image.

FIG. 2. Adsorption potential of the colloidal petals. The solid
line is obtained from the experimental data by using Eq. �1�. This
potential levels off near 5kBT due to lack of events. The dashed line
is a fit according to Eq. �2�.
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�odd N� axes. Numbers indicate equilibrium flowers of the
corresponding number of petals. The potential thus changes
from the N petal flower energy EN to the �N−1� petal flower
energy EN−1. The potential of a N petal flower with the Nth
petal at a distance �r=5 �m is indistinguishable from the
potential energy of a �N−1�-petaled flower. This confirms
that a petal at a distance �r	5 �m can be considered as
fully separated from the flower. For the desorption of the
seventh petal the energy exhibits a maximum EA along the
reaction pathway. This maximum corresponds to a transition
state, i.e., a saddle point in conformational space located at a
distance �r7,max�0.7 �m from the minimum position of the
seventh petal with an activation barrier of the desorption of
�EA−E7��0.7kBT. The activation energy for the adsorption
is �EA−E6��0.5kBT. A qualitatively similar transition state
is computed between the seven- and eight-petaled flowers.
All other transitions in the number of petals show no transi-

tion state. Hence, all flowers with N
6 and N	8 are un-
stable. The six- and eight-petaled flowers are metastable
E6 ,E8	0, and the sevenfold flower is the stable conforma-
tion E7=0 for the given parameter set. Assuming an Arrhen-
ius behavior for the rate constant k6→7 of the adsorption pro-
cess of the seventh petal one would expect a rate constant of
the order

k6→7 =
kBT

6��a
��rmax�−2exp�− �EA − E6�/kBT� , �4�

where �=10−3 N s m−2 is the ferrofluid viscosity. Inserting
the values �rmax�0.7 �m and �EA−E6��0.5kBT from Fig.
3 into Eq. �4� we obtain k6→7�0.3 s−1. In Fig. 4 we plot the
autocorrelation function of the petal number,

��N�t��N�t + 
�
 , �5�

where �N�t�=N�t�−Neq denotes the petal number fluctuation.
The autocorrelation function decays with a typical rate of
kex�0.3 s−1 in good agreement with the estimate given by
Eq. �4�. For larger times 
	10 s the experimental autocor-
relation function becomes statistically unreliable since the
number of events ��
meas -
� drops to 1 as the time separa-
tion 
 approaches the time 
meas of the measurement.

IV. PETAL CONFORMATION AND DYNAMICS

Once the petals adsorb to the paramagnetic core there is
some freedom of conformation, and one observes flowers
with petals equally spaced around the core as well as confor-
mations where the petals are crowded at one side of the core.
We define the one-dimensional density of particles as

� = N/�� , �6�

where �� denotes the minimum angular range over which
the N petals are distributed and 2�−�� is the largest gap

FIG. 3. �Color online� �Top� Scheme of a N-petaled flower los-
ing the Nth petal along the reaction coordinate �rN, while the an-
gular positions of the remaining petals adjust. �Bottom� The
potential-energy cascade from a 11-petaled flower via the stable VII
petal flower �left� toward a two-level flower �right�. The flower
loses the Nth petal along the reaction coordinate �rN; black curves
correspond to the desorption of a N=even petal �lower abscissa�,
and green �gray� curves correspond to the desorption of a N=odd
petal �upper abscissa�. The energy of a petal separated by
�rN=5 �m is indistinguishable from an infinitely separated petal
and hence equals to the energy of a �N−1�-petaled flower. The
numbers labeling the ends of the curves correspond to the number
of the petals in the flower. The transition state between sixfold and
sevenfold petal flowers �red �black� arrow� is at a distance of
�r=0.7 �m from the equilibrium position of the seventh petal and
has an activation energy of EA=0.7kBT.

FIG. 4. �Color online� The autocorrelation function
��N�t��N�t+
�
 versus time as obtained from the experimental data
�solid line�. The number of petals changes on a time scale of 3 s.
The dashed line corresponds to an exponential decay with rate con-
stant 0.3 s−1. The statistical error �error bars� of the correlation
function increases when the time lag 
 approaches the time of mea-
surement 
meas=70 s.
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between the petals. We compute the potential energy of a
conformation U��� as

U��� − U��ref� = − kBT ln�g��ref���reft��,���
g�����t��ref,��ref�

� , �7�

where t�� ,��� is the total time when the petals in the flower
show a density in the interval �� ,�+��� and where

g��� � �N

�
−

N

�hc
�N−2

�8�

is the leading-order approximation for the configurational
space density �10� available for conformations of density �,
whereas �hc= �R /a+1� /2 is the maximum �hard-core� pack-
ing density of the petals around the core. Figure 5 shows the
potential U��� computed via Eq. �7� for flowers consisting of
an arbitrary number of petals. The resolution �� varies with
� and is chosen in a way so as to ensure that t�� ,���	0 for
all �. Since the data at higher potential are sparse the reso-
lution 1 /�� is best at the minimum and decreases when
moving toward higher potential. We find the lowest potential
for densities ��1 corresponding to a hexagonal arrangement
of the petals with equal spacing of � /3 between the petals.
The petal conformation results from the simultaneous mini-
mization of the petal number and the minimization of the
dipolar repulsion between the petals. The dipolar repulsion
between the petals, however, is weak and allows for signifi-
cant fluctuations around a conformation. We therefore
tracked the angular position � j�t� �j=1,2 ,3 , . . . ,N�t�� of the
adsorbed petals as a function of time. The accuracy of the
tracking of � j�t� was better than 2°. The angular frequency
� j�t�= �̇ j�t� of each individual petal is a fluctuating function
of time. We measure the angular frequency using finite dif-
ferences of the angular positions of consecutive frames. The
frame rate of the camera was 30 frames per second. We
define the autocorrelation function of the angular frequency
of two petals of a colloidal flower with N petals as

CN��,
� = �� j�t�� j���t + 
��„N�t� − N…�„N�t + 
� − N…
 .

�9�

Here, � denotes the neighbor number ��=0 is the same
particle, �=1 is the nearest neighbor, etc.�. Both delta func-
tions �(N�t�−N) and �(N�t+
�−N) discard all times where
the petal number deviates from the fixed petal number N
from the correlation.

In Fig. 6 we plot C6�� ,
� versus 
 for �=0,1 ,2 ,3. The
angular frequencies are correlated for zero time delay
�i.e., 
=0�, showing that part of the petal diffusion can be
considered as a Markovian process on the time scale

	0.03 s of the measurement. The most prominent obser-
vation is that neighboring petals are not statistically indepen-
dent. As does the petal autocorrelation function C6�0,
�, the
petal cross-correlation functions C6���0,
� also show the
same albeit weaker instantaneous positive correlation. This is
a dynamic proof of the deterministic interaction of the petals.
Apart from this positive correlation a weak anticorrelated
decay is observed for the autocorrelation C6�0,
� and the
cross correlation C6���0,
� for 
	0.05 s �see the inset in
Fig. 6�. It is a measure for the retardation of the interaction.
In single file diffusion �11–13�, where particles interact only
via hard-core repulsion, a strong algebraic anticorrelation
significantly alters the diffusion of the particles. Neighboring
particles in single file diffusion remain uncorrelated at short
times and become anticorrelated only at times typical for the
individual diffusion time needed to encounter each other. The
retardation of such a hard-core interaction is significant.
Single file diffusion becomes most prominent in the thermo-
dynamic limit N→�, where the time scale of the simulta-
neous correlated diffusion of the rigid flower separates from
the individual diffusion of the petals.

Our system differs from a system exhibiting single file
diffusion. It has a small number of petals, and the petals
interact instantaneously via the soft dipolar interactions; re-
tardation effects are weak. In no time are the petals allowed
to diffuse individually. Hence, the relatively weak delayed
anticorrelation follows the instantaneous delta correlation
with a relative short delay. The diffusion constant of the pet-
als is given by half the area under the autocorrelation func-

FIG. 5. Effective petal potential as a function of the petal den-
sity � as obtained from the experimental data via Eq. �7�. The
dashed line is a linear fit.

FIG. 6. �Color online� Angular frequency autocorrelation and
cross-correlation functions for a colloidal flower with six petals.
The black line corresponds to the autocorrelation, while the red,
blue, and green lines correspond to cross correlations between near-
est ��=1�, second-nearest ��=2�, and third-nearest ��=3� neigh-
bors, respectively.
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tion. While the finite frame rate of the camera broadens the
experimental correlation function, the area under the corre-
lation function is not affected by the convolution of the data
with the time resolution function of the camera. Hence, the
diffusion constants have no significant dependence on the
frame rate of recording,

DN��� = �
0

�

d
CN��,
� . �10�

Equation �10� is Kubo’s �9� generalization of the concept of
diffusion to particles that interact. The interaction of the par-
ticles causes the motion of one particle to statistically depend
on the motion of another. The statistically dependent motion
of the particles can be decomposed into statistically indepen-
dent normal modes of motion. In Fig. 7 we plot the diffusion
constant D6��� versus �. The petals behave like being
coupled by soft springs, with petals not diffusing indepen-
dently, but with neighbors performing a correlated diffusion.
The correlation decreases when moving away toward further
distant neighbors. We may decompose the correlated motion
of the petals into uncorrelated normal modes of diffusion via

��m,t� =
1


N
�
j=1

N

e2�imj/N� j�t� . �11�

The corresponding statistically independent diffusion con-
stants of the normal modes,

DN�m� =
1

N
�
�=1

N

e2�im�/NDN��� , �12�

are plotted in Fig. 8. The mode m=0 has the highest diffu-
sion constant, and the diffusion constant decreases with the
mode number m. The mode m=0 corresponds to a rigid ro-

tation of all petals by the same amount. It therefore corre-
sponds to the rotational diffusion of the entire flower that
leaves the conformation of the flower unchanged. The higher
modes m	0 involve relative motion of petals that change
the conformation. Such modes are suppressed to diffuse by
the dipolar repulsion between the petals. The higher is m, the
shorter is the distance 2� /m between petals that are moving
in opposite directions. The most likely conformation is an
equilibrium conformation such that an m�0 mode usually
raises the dipolar energy of the system. This explains why
the diffusion of higher modes �m�	0 is suppressed by the
dipole-dipole interaction.

Contrary to single file diffusion the diffusion mode of the
petals arises from mostly instantaneous response of the
flower to conformational changes. In single file diffusion the
suppression of higher modes arises from a retarded response
to conformational changes that only sets in when one petal
diffuses to its neighbor and encounters its hard-core repul-
sion.

In conclusion we have characterized the dynamic fluctua-
tions of magnetic colloidal flowers. These fluctuations can be
understood as a result of deterministic forces arising due to
dipolar interactions and statistical forces arising from the
collisions of the embedding fluid. The soft character of the
dipolar interactions places this system between that of a free
system and a system interacting via hard-core interactions.
The soft confinement of the particles leads to a mode-
dependent diffusion that differs from single file diffusion.
The desorption and adsorption of the petals can be under-
stood as activated processes. The colloidal flowers are thus a
two-dimensional model system for the dynamics of more
complex three-dimensional colloidal assemblies such as
Pickering emulsions �14� and colloidosomes �15�.

FIG. 7. Diffusion constant D6��� versus �.
FIG. 8. Normal-mode diffusion constants D6�m� versus the

mode number m.
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