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ABSTRACT

We use simulation-based supervised machine learning and classical density functional theory to investigate bulk and interfacial phenomena
associated with phase coexistence in binary mixtures. For a prototypical symmetrical Lennard-Jones mixture, our trained neural density
functional yields accurate liquid-liquid and liquid-vapor binodals together with predictions for the variation of the associated interfacial
tensions across the entire fluid phase diagram. From the latter, we determine the contact angles at fluid-fluid interfaces along the line of
triple-phase coexistence and confirm that there can be no wetting transition in this symmetrical mixture.
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Making accurate predictions for the phase behavior of complex
systems remains a major computational challenge despite the avail-
ability of a wide variety of flexible simulation methodology." The
particular phenomenon of liquid-liquid phase separation occurs
across a broad spectrum of substances, from mixtures of simple
(rare gas) liquids’ to models of water’ and ouzo.”” Moreover,
liquid-liquid phase separation is argued to be a possible structure
formation mechanism in biological cells,” where much theoreti-
cal work has been carried out on the basis of the Flory-Huggins
model. Studying the emergence of phase transitions provides fer—
tile ground for the development of machine- learmng strategies’
and for realizing inverse design of soft matter.'”'" Identifying signs
of critical behavior is also important when addressing dynamical
questions.u "

Classical density functional theory (DFT)"”""” provides a suit-
able theoretical framework in which machine learning can be inte-
grated naturally, as was shown in early works,'* for anisotropic
particles” ”’ and in a variety of further contexts.””*” Bui and
Cox have used machine learning to address solvation across length
scales,” electromechanics,’ dielectrocapillarity,” and ionic fluids.*®
In this paper, we build upon our previous work where density func-
tional learning via a local learning strategy was used in a variety of

17

physical settings,” " including the investigation of hard core cor-
relation effects’””* and of interparticle attraction'”* in describing
gas-liquid phase separation in one-component systems.

We focus on a simple model binary mixture whose bulk phase
behavior has been investigated in many simulation and theoret-
ical studies. By contrast, the nature of fluid—fluid interfaces, the
accompanying surface tensions, and wetting transitions have been
addressed to a much smaller extent, with theories usually employ-
ing square-gradient or local density approximations.”” ” Setting the
scene, we note the following: (i) it remains very difficult to progress
beyond the naive mean-field incorporation of attraction within DFT,
(ii) predicting bulk phase behavior on the bas1s of sophisticated inte-
gral equation theories remains challenging,”””” and (111) carrymg out
accurate simulation work at interfaces in mixtures™”>**” is also
challenglng and requires systematic understanding of the bulk phase
behavior,”>> >

Here, we adopt a new data-driven perspective to the physics
of liquid-liquid phase separation, in which machine learning meth-
ods are deeply embedded and are inspired by DFT. In particu-
lar, we consider the phase behavior and interfacial structure of a
symmetrical model binary mixture characterized by Lennard-Jones
(L)) pair potentials ¢;;(r) = 4e;i[ (aij/r)"* — (aij/r)°] acting between
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particles of species i and j where the species indices i,j = 1,2. We take
an = axp = ap; = a4, 1.e., identical diameters for each species, and con-
sider weakened interparticle attraction between species 1 and 2, i.e.,
e = € = ¢ and €13 < &. Each potential is truncated at 2.54. Such a
model has been investigated by several authors. Our choice of para-
meters was motivated by those in the extensive simulation studies of
Wilding et al.”>”>*" who investigated bulk phase behavior and wet-
ting at a particular solid substrate. Their bulk phase diagrams point
to the occurrence of what they and later authors term a A line, which
is the line of critical transitions (upper consolute points) between a
mixed (binary) fluid and a demixed (binary) fluid. For a range of
€12, the A line meets the line of two-phase coexistence between the
gas (vapor) and the liquid at a critical end point (CEP), occurring
at the temperature T'cgp. Such behavior is found in real fluid mix-
tures, type Il in the important classification of van Konynenburg and
Scott.” We choose ¢, = 0.7¢ for which simulation studies™ indi-
cate that Tcep lies well-below the gas-liquid critical temperature.
This information served as background for our training—see the
following—but did not directly influence our choice of parameter
space.

To apply the local learning scheme  to the LJ mix-
ture, we use grand canonical Monte Carlo simulations (GCMC) to
generate training data in the form of species-resolved (one-body)
density profiles, p,(z) and p,(z), which are inhomogeneous along
a single coordinate z. We consider planar geometry such that the
system is translationally invariant in the two perpendicular x and
y directions. The simulations are carried out for randomized val-
ues of temperature T within the range 0.9 < kgT/¢ < 2.0 employing
species-dependent, independently randomized forms of the exter-

53,61

37-39,44,

nal potentials V(l)(z) and Ve(xzt)(z).” Then, the species-resolved

ext
Euler-Lagrange equations allow one to obtain the one-body direct

correlation functions cgl) (z) and sz) (z) according to

i (2) = Inpi(z) + BV (2) - Bui M

where i = 1,2, inverse temperature is $ = 1/(kgT), with Boltzmann
constant kg, and the thermal wavelengths are set to unity. In all
simulations, the species-dependent chemical potentials y; are set
equal, such that g, =y, = p in Eq. (1), with randomized values of
¢ chosen uniformly within the range —7 < u/e < 4. The species-
resolved external potentials are constructed following the random-
ization process laid out in Ref. 37. Crucially, the randomization

of V(l)(z) and V(Z)(z) occurs independently in order to provide

ext ext
enough “contrast” between the two species, i.e., we deliberately avoid

Ve(xlt)(z) = Ve(xzt)(z). This choice ensures we sufficiently probe the
relevant density inhomogeneities for the two species.
Having access to the pair of partial density profiles p, (z) and

p,(2) together with the corresponding partial one-body direct corre-

lation functions cgl) (2) and sz) (z)"7"" obtained via Eq. (1) allows

training a neural network to represent the density functional rela-
tionship cfl)(z; [p1,p2], T); we indicate functional dependence by
square brackets. We represent this functional using the local learning

scheme,””*”***> whereby a standard multilayer perceptron outputs

both values of cﬁi) (z:[p1,p2]), i = 1,2, given as input the discretized
partial density profiles p, (z'),p,(z") within a window |z’ — 2| < z
around the position z of interest. We choose the spatial cutoff
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zy = 3.5a following Ref. 45. The dependence on temperature is cap-
tured by thermal training’” " and by including the value of T as an
additional input node. We note that a single neural network with

two output nodes is used to yield values of cf')(z) for both species
i =1,2 simultaneously, which is in contrast to Ref. 36. While no
symmetrization regarding the interchange of species is implemented
directly in the neural network architecture, we use data augmen-
tation during training and provide samples with flipped species
indices as well as flipped on the z axis to benefit from the underlying
symmetry. Figure 1 displays a typical choice of external potentials
together with density profiles corresponding to a typical choice of
thermodynamic parameters.

The trained neural one-body direct correlation functional
c?) (25 [p1,p2], T) encapsulates the effects of the interparticle inter-
actions in the fluid mixture, as we will demonstrate. In gen-
eral, one can make ready and accurate predictions, for arbitrary
external potentials, by self-consistent numerical solution of the
species-resolved Euler-Lagrange equations,

pi2) = exp [-pVE(2) + B + ¢ (s [prp2). )], (@)
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FIG. 1. To exemplify the generation of the training dataset, a specific realization of
a randomized inhomogeneous environment is shown. This is characterized by the

species-resolved external potentials v;jg (z)/eand Ve(xzt) (2) /e (top panel), chem-
ical potentials y, /e = u,/e = 0.237599, and temperature kgT/e = 1.118 673.
GCMC simulation results for the partial density profiles p,(z) and p,(z) are

used in the local training of the species-resolved one-body direct correlation func-

tional 01(’) (z;[p1,p2], T), i = 1,2; see the text for details of the neural network.
While the training data consist of qualitatively similar profiles, the realization shown
was not included in the training set, thereby enabling a direct test of neural net-
work predictions. The self-consistent solution of the Euler-Lagrange Eq. (2) using
the trained neural density functional yields results for the partial density profiles
(labeled “DFT”) that are identical on the scale of the plot to data generated by
direct GCMC simulations (“sim”) for the specific external potentials; see the bottom
panel.
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which can be obtained formally from Eq. (1) by exponentiating and
identifying the density functional dependence in cfi) (z5[p1>p2]), T).
Equation (2) is solved self-consistently via standard mixed Picard
iteration. Predictions for the partial density profiles from Eq. (2)
with the neural density functional are highly accurate; see Fig. 1 for
a typical inhomogeneous situation, whereby Eq. (2) is solved using
prescribed values of y; = y, = pand T.

We aim to apply the neural density functional to bulk phase
coexistence and hence consider situations where both external
potentials vanish, Ve(xll) (2) = Ve(xzt) (z) = 0. For stabilizing coexisting
fluid states, we fix the mean value of one partial density via normal-
ization in each iteration step. Note that this determines implicitly
the chemical potential y;, = 4, = y, which is equal for both species
due to the employed symmetry. Under appropriate initialization of
the Picard iteration procedure to solve the Euler-Lagrange Eq. (2),
the theory predicts stable interfacial density profiles, where the par-
tial density profiles crossover within an interfacial region between
differing plateau (bulk) values. We find that, depending on the state-
point chosen and the constraints employed within the iteration,
all expected types of fluid-fluid coexistence emerge as solutions of
Eq. (2). We first display results for kgT/e = 0.93 (top and middle
panels in Fig. 2), where in addition to the partial density profiles
p,(z) and p,(z), we also show the total density N (z) =pi(z) +
p2(2).

At this (low) temperature, we find three distinct interfaces: (i)
af3, where « is a gas and 8 a liquid with majority component 1,
(ii) ay, where y is a liquid with majority component 2, and (iii)
By, the liquid-liquid interface. Note that the af8 interface displays
an adsorption maximum for the profile of species 2 and that the
ay interface (not shown) displays, respecting symmetry, an equiva-
lent maximum for species 1. By contrast, the density profiles of both
species are monotonic at the By interface. Such behavior was sug-
gested in early DFT calculations,*® albeit for a weakly asymmetrical
mixture.

The existence of three (af, ay, and fy) interfaces for tem-
perature kgT/e = 0.93, shown in Fig. 2, implies that this particular
statepoint lies on the (fluid) three-phase line of our model. Indeed,
reading off the plateau values of the density profiles shown in Fig. 2
yields values for the bulk densities of each species in the coexist-
ing phases. On raising the temperature, we reach a point where the
density profiles at the By interface become identical and flat and
we associate this with the critical end point Tcgp. For higher tem-
peratures, T > Tcep, there is no longer demixing between the two
liquid phases and gas (a) coexists with a mixed (fy) liquid phase.
There is a single a — By interface; the bottom panel of Fig. 2 with
ksT/e = 1.00 provides an example. We return to the bulk phase dia-
gram later but first turn attention to the liquid-liquid (fBy) interfaces
and coexistence that we determine at total densities larger than those
shown in Fig. 2. In particular, we choose to fix the total bulk den-
sity p, + p, and increase T. The symmetry of our model LJ liquid
mixture dictates that the two demixed liquid phases must exhibit a
symmetrical Ising-like coexistence curve when expressed in terms
of a composition variable X; = p, /(p; + p,), with the upper critical
point at X; = 1/2.

In Fig. 3 (top panel), we plot the coexistence values of X;
as a function of temperature, while keeping the total bulk den-
sity p, +p, = 0.663a" fixed. Recall that y, =y, = u holds due to
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FIG. 2. Density profiles at the different types of fluid—fluid interfaces predicted
by the neural DFT: By liquid-liquid (top panel) and a3 gas-demixed liquid (sec-
ond panel) at the scaled temperature kg T /e = 0.93. Shown are the scaled partial
density profiles p,(z)a® and p,(z)a®, as well as the scaled total density pro-
file N'(2)@ = [p1(2) + p2(2)]@°. The ay interface (not shown) is identical to
the a3 interface upon exchanging species 1 and 2. At the increased temperature
ksT/e = 1.0, the system displays a—fy coexistence (bottom panel) between «
gas and mixed By liquid with identical partial density profiles, p, (z) = p,(2).

symmetry, but that the value of y changes, as expected, along the
path of constant total density upon varying T, as shown in Fig. 3
(middle panel). The two liquid branches meet at an upper critical
temperature T) at X; = 1/2. As an alternative to tracing out the
liquid-liquid binodal and determining the merging point of both
branches, T can also be identified as the point of vanishing second
derivative of the grand potential Q with respect to composition Xi;
see the gray cross in Fig. 3. Automatic differentiation of the neu-
ral functional enables this calculation to be performed efficiently,’”
which allows mapping out the line of A points in the phase diagram

J. Chem. Phys. 163, 161101 (2025); doi: 10.1063/5.0290261
© Author(s) 2025

163, 161101-3

80-€€'}L 1 G20 4990100 22


https://pubs.aip.org/aip/jcp

The Journal

COMMUNICATION pubs.aip.org/aipl/jcp

of Chemical Physics

1.15 ~ X
1.10 A
X \
L
Y
w 1.05 A (:‘
=
(\]
§ [\] B
[\
1.00 Q
Q
0 o
¢ —e— By binodal at (0, + p2)a®>=0.663 O
0.95 b4 fit: ksTy = 1.120¢, B = 0.303 b4
§ % keTa=1154¢from22Q/ox2=0
": X A point (Wilding 1997) ““
0.90 a ; : — 2
0.0 0.2 0.4 0.6 0.8 1.0
X1=p1/(p1 + p2)
-15
_20 -
W
=~
< 254
_30 -
T T T T T T
0.12 A
0.10 -
w 0081
NfU
< 0.06 -
© 0.041
0.02 -
0-00 T T T T T
0.90 0.95 1.00 1.05 1.10 1.15
kgT/e

FIG. 3. Top panel: neural density functional results for the bulk By liquid-liquid bin-
odal at fixed total bulk density (p, + p,)a® = 0.663 shown as a function of bulk
composition X1 = p,/(p, + p,) and scaled temperature kT /e. The results (cir-
cles) are obtained from the plateau values of equilibrium interfacial density profiles
(see the top panel in Fig. 2). The fit according to Eq. (3) is obtained using only
data below and including cutoff temperature kgT/e = 1.06 (brown circles), with
the resulting numerical values for kg T) /¢ and exponent S given in the legend. For
comparison, the black cross denotes the A point obtained from simulation by Wild-
ing.50 Middle panel: variation of the scaled chemical potential u/e = y, /e = y, /¢
with respect to temperature along the specified path of constant total density. Bot-
tom panel: neural density functional results for the scaled tension aﬁya2 /e of the
By interface obtained from functional line integration (4).

at low computational cost. We return to this in Fig. 4, but proceed
first with what should be a more accurate estimation of the value
T), taking into account the subtleties that arise when evaluating the
neural functional close to critical points.*
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FIG. 4. Top panel: bulk fluid phase diagram of the symmetrical binary Lennard-
Jones system as a function of scaled total density (p, + p,)a® and scaled
temperature kg T/e together with simulation data of Wilding.?" Binodals and the
A line are plotted. The vertical dotted red line indicates the path of constant
total density for which the liquid-liquid binodal is shown in Fig. 3. Middle panel:
scaled interfacial tensions between gas and demixed liquid, ooa?/e = ouyd?/e,
and between liquid and liquid, a;;ya2 /e, for T < Teep, and between the gas and the
mixed liquid, aa_ﬁyaz /e (green dots), for T > Tcep. The dashed vertical line indi-
cates Tcep. Bottom panel: contact angles 6, and 6 = 6, on the triple phase line,
obtained from Eq. (5). The sketch shows the lens of (demixed) liquid 3 together
with the contact angles and tensions.
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In particular, we adapt the fitting method used for the
gas-liquid binodal in the pure LJ system® and use the empirical
Ising/lattice gas scaling form for this particular liquid-liquid phase
separation,

X = % +b|T* - T}, 3)

where T* = kgT/¢ is scaled temperature, b is a constant, the criti-
cal concentration is 1/2 per symmetry, and the exponent 8 should
neither be confused with inverse temperature nor with the liquid
phase in which species 1 is the majority component. Because of the
Ising-like symmetry, there is no need to include a linear contribution
in Eq. (3). The three-dimensional Ising value is 8 = 0.326 30(22),%
but here the exponent f3 is treated as a free fit parameter. Follow-
ing Ref. 45, we exclude data very close to the critical A point, using
only coexisting densities for kgT/e < 1.06, and find from the fitting
Ty =1.120 and f=0.303 for this particular total density; see
Fig. 3. T) obtained from the fitting procedure is about 3% lower
than the value obtained from direct evaluation of the neural func-
tional by tracing the Sy binodal, i.e., calculating the merging of
coexisting density profiles or, equivalently, from the vanishing of the
second-derivative of the grand potential.

Our framework allows us to access interfacial tensions via
expressing the excess free energy difference AF.x as a functional line
integral,

APFexc ! i
ﬁT = —fdzZ Api(z)/()‘ ds cf)(z; [pPrep2s), ), (4)

i=1,2

where A is the lateral area of the system and the density profiles
p1s(2) and p, (z) used as functional arguments are taken to be
superpositions p; (z) = sp,(z) + (1 - s)p;, where p; is the bulk coex-
istence density for species i = 1,2 and the difference between start
and end densities is Ap,(z) = p;,(2) - p;o(2) = p;(2) — p;- Then,
the surface tension is obtained from the excess grand potential
o= (Q+pV)/A, where p is the pressure at coexistence. The results,
shown in Fig. 3 (bottom panel), indicate as expected that ag,
decreases monotonically with temperature and that it vanishes as
T — T).

We return now to the full phase diagram obtained from con-
sidering density profiles such as those shown in Fig. 2. Analysis of
the plateau values of all stable fluid interfaces allows us to construct
the entire fluid phase diagram, shown in the top panel of Fig. 4, and
plotted as a function of the total density p, + p, and temperature T.
We have checked that for T > Tcgp, the results obtained for coex-
isting densities are numerically consistent with those obtained via
the Maxwell construction based on bulk functional integration.’”
The representation in Fig. 4 makes apparent the density jump at
gas-liquid coexistence. Recall that above the CEP, the liquid is in
a mixed state; both species have equal concentration. Below the
CEP, the liquid is demixed, as discussed above, and the concentra-
tion jump (see Fig. 3) is “collapsed” in the representation of Fig. 4.
As described above, the A line is calculated from the locus of van-
ishing second derivative of the grand potential Q with respect to
composition X, readily facilitated via automatic differentiation of
the neural functional.’” While our results for the gas-liquid binodal
agree closely with the independent simulation data of Wilding,”’ our

COMMUNICATION pubs.aip.org/aipl/jcp

A line displays a small offset, typically about 10% in density, with
respect to the corresponding simulation results.

We obtain the surface tensions for gas-liquid coexistence again
via Eq. (4), adapted to the respective bulk coexistence conditions.
Figure 4 (middle panel) displays results obtained below T'cgp for the
surface tensions of the gas-liquid interfaces, Oup = Oays and for the
liquid-liquid interface, gy The latter vanishes at Tcep, cf. Fig. 3.
For T > Tcgp, the surface tension refers to the gas-liquid interface,
04-py> where the liquid is now in a mixed state.

At triple phase coexistence below T'cgp, three fluid phases can
meet in stable mechanical contact and form a lens of, say, the liquid
B phase. The corresponding contact angles 6y, 3, and 6, character-
ize the (macroscopic) shape of the lens and satisfy 6, + 6p + 6, = 27;
see e.g., Ref. 55. Generally, the contact angles are determined by the
three surface tensions via the well-known Neumann triangle con-
struction.”” The symmetry of our L] mixture dictates that the surface
tensions oag = 0ay, 50 that the triangle is isosceles and 6p = 0. It
follows that

cos O = — &. (5)
20,8
Only the ratio of the respective interfacial tensions is relevant. The
form of the liquid lens, as determined by the three tensions, together
with results for the contact angles as a function of temperature, are
shown in the bottom panel of Fig. 4. Approaching Tcgp from below,
we find, as expected, g = 6, — 7/2 and 6, — 7.

For our symmetrical model, there can be no transition to com-
plete wetting of the ay interface by liquid B for T < Tcgp: the
right-hand side of Eq. (5) can only vanish at T'cgp. This implies par-
tial wetting, i.e., a finite lens, rather than the intervention of a thick
film of phase f3, pertains for all T < Tcgp—an observation pertinent
for the general physics of wetting transitions at fluid—fluid interfaces.
The latter topic continues to attract considerable attention; see, e.g.,
Parry and Rascén,” Indekeu and Koga,”® and references therein.
Remarks: (i) the consequences for wetting imposed by symmetry of
the interparticle potentials were already implicit in Sec. 8.3 of Ref.
55; (ii) breaking the symmetry can lead to first order’® or critical®’
wetting transitions below Tcgp; and (iii) determining accurately the
behavior of the surface tensions close to Tcgp is very difficult within
the neural functional framework;* similar considerations apply to
direct simulation studies.

In conclusion, we have investigated the bulk fluid phase behav-
ior and associated interfacial phenomena in a symmetrical L] mix-
ture with a specific choice of weakened cross attraction. While
imposing symmetry serves conveniently to reduce the parameter
space, the model already incorporates a wealth of physics that
is challenging to describe within a machine learning context: the
lack of a priori symmetry breaking is important. A single neural
network was used to represent the pair of species-resolved one-
body direct correlation functionals simultaneously. This strategy is

consistent with the formal generation of cf’) (15 [p1,p2], T) via func-
tional differentiation from a single, underlying, excess free energy
functional.

Training the neural functional is based on adapting both the
local learning” and thermal training®® schemes that were previ-
ously developed for single-component systems. Using these methods
directly for the present binary mixture allows one to learn solely on
the basis of the available simulation data. We have found that small
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artifacts can arise thereby in the predictions of the precise shape and
location of the gas-liquid binodal when using the above-mentioned
schemes without modification. These artifacts are prevented by
including L, regularization® in the training protocol, which we have
hence adopted for the neural functional that was used to generate
all numerical results shown in this work. The two different neural
models trained with and without L, regularization, together with a
comparison of the corresponding numerical predictions, are avail-
able in Ref. 70. In future work, it would be interesting to investigate
physics-informed regularization, e.g., by incorporating exact statis-
tical mechanical sum rules’' to provide additional constraints that
are to be optimized during training.

Working with the trained neural density functional is com-
putationally more efficient than carrying out direct simulations to
determine the (bulk) phase diagram. Moreover, we demonstrated
that the methodology provides systematic access to subtle interfa-
cial properties. It would be very interesting for simulation experts to
test the predictions for surface tensions and contact angles in Fig. 4.
Determining these remains a significant challenge for direct simula-
tion work. The benefits of the neural method far outweigh the very
moderate computational overhead for creating the training data,’
which involves standard and cheap simulations of inhomogeneous
one-body density profiles of sufficient variability, straightforward
to ensure in practice using appropriate random external poten-
tials. Predictions made with the neural functional are numerically
robust and agree quantitatively with reference data for statepoints
away from criticality. Overcoming limitations close to critical points,
where correlation effects on large length scales related to critical
fluctuations become relevant, remain to be properly incorporated.

Functional differentiation provides access to the partial
two-body direct correlation functions””* and, hence via the
Ornstein-Zernike route, to partial bulk and interfacial structure fac-
tors which provide further insight into the physics of liquid-liquid
phase separation and the nature of the line of upper consolute
points (A line). For example, at points on this line, all three bulk
structure factors Sjj(k) diverge at wave number k = 0 but the isother-
mal compressibility does not diverge. The results will be presented
elsewhere.

It is compelling to apply our methodology to broader types of
fluid mixtures. For example, simply changing the cross parameter
gives rise to a tricritical point for sufficiently large €12, and intri-
cate wetting behavior is expected to be found for the asymmetric
case, €11 # &€. These scenarios can all be studied with neural den-
sity functionals. We expect our machine learning technique to fare
very well with the increased parameter space,”” provided that suf-
ficient training data can be generated. A chemical engineer might
inquire how well we can address realistic (chemical) substances. The
applicability of our method clearly hinges upon the availability of
reference data and their effective incorporation into the framework
of DFT.”” "> The present paper focuses on the underlying physics of
the approach.

The neural density functional is available online, and we recall
its universal applicability in planar inhomogeneous situations, cf.
Figure 1.
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